The Hasimoto transform takes the binormal equation to the NLS and barotropic fluid equations. We show that in higher dimensions its existence would imply the conservation of the Willmore energy in skew-mean-curvature flows and present a counterexample to the latter for vortex membranes. Furthermore, such examples, based on products of spheres, provide new explicit solutions of the localized induction approximation for the higher-dimensional incompressible Euler equation that collapse in finite time.
Introduction
The vortex filament equation describes the motion of a curve in R 3 under the binormal flow: each point on the curve is moving in the binormal direction with a speed equal to the curvature at that point. This equation is a "local" approximation of the 3D Euler equation for vorticity supported on a curve. It is known that the filament equation is a Hamiltonian equation, whose Hamiltonian function is the length of the curve.
The skew-mean-curvature flow is a natural higher-dimensional generalization of the 1D binormal flow [14, 7] : instead of curves in R 3 , one traces the evolution of codimension 2 submanifolds in R n (called vortex membranes), where the velocity of each point on the membrane is given by the skew-mean-curvature vector. The latter is the mean curvature vector to the membrane rotated in the normal plane by π{2. Similar to the filament equation, the skew-mean-curvature flows are Hamiltonian with respect to the so-called Marsden-Weinstein symplectic structure and the Hamiltonian functional given the volume of the membrane. Unlike the 1D case, such flows are apparently nonintegrable.
For a curve moving according to the binormal flow, its curvature κ and torsion τ have interesting properties. In 1906 Da Rios derived the evolution equations for κ and τ . At that time, he was the first mathematician to bring the idea of localized induction approximation (LIA) of the Euler equation of an ideal fluid and use it to study the vortex dynamics. Da Rios' work did not draw much attention when it was published, and it is known today mostly thanks to his advisor Levi-Civita, who introduced, promoted, and extended Da Rios' work (see [12] for a historical survey of the Da Rios equations). The LIA method was reconsidered in the 1960s and Betrchov [1] rediscovered the Da Rios equations in 1965.
The Da Rios equations also appear in several other contents [2] . For example Lakshmanan [10] derived the Da Rios equations when studying the 1-dimensional classical spin system. By considering the evolution of the density ρ " κ 2 and the velocity be v " 2τ one obtains the equations of barotropic-type (quantum) 1D fluids. Furthermore, in 1972 Hasimoto discovered a transformation allowing a complex-valued wave function ψ from the pair of real functions pκ, τ q such that this wave function satisfies the nonlinear Schödinger equation, see Figure 1 for the relations between these equations.
A natural question to ask is whether the higher-dimensional skew-mean-curvature flow possesses similar relations to barotropic-and Schrödinger-type equations, as well as what are its implications for the Euler hydrodynamics. Finding a higher-dimensional version of the Hasimoto transform was a folklore problem for quite a while, and various mentioning of that can be found, e.g. in [5, 7, 13, 14] . It is showed in [15] that the Gauss map of the SMCF satisfies a Schrödinger flow equation. A key observation proposed in [8] was that to construct a higher dimensional generalization of the Hasimoto transformation one needs to prove a conservation law for the Willmore energy. Namely, the conjectural invariance of the Willmore energy would imply the simplest of the two barotropic fluid equations, the continuity equation, which is a necessary condition for the existence of a Hasimoto transformation.
In the present paper, we give a counterexample to the energy invariance conjecture by describing explicitly the motion of Clifford tori under the skew-mean-curvature flow and show that their Willmore energy is not conserved. Essentially, these counterexamples imply that there is no straightforward generalization of the Hasimoto transform to relate the binormal and barotropic (and hence Schrödinger) equations, and it must be necessarily complicated. Some of the presented explicit solutions of the LIA for the Euler equation exist for finite time (the simplest case is the motion of a three-dimensional vortex membrane in R 5 ). This could shed some light on the singularity problem for the higher-dimensional Euler equation, as the skew-mean-curvature flow is an approximation of the Euler equation for vorticity supported on a membrane. (To the best of our knowledge, it is the first example of an explicit solution of the LIA existing for finite time.) Finally, we introduce a natural generalization of the torsion for codimension 2 membranes and derive the evolution equations for the mean curvature and the torsion form, thus replacing equations of a barotropic-type fluid in Hasimoto transform and generalizing the Da Rios equations. These counterexamples emphasize the difference between the 1D and higher-dimensional skew-mean-curvature flows and might be particularly useful to prove the vortex filament conjecture for membranes, cf. [5] . 
The vortex filament equation
Consider the space of (nonparametrized) knots K in R 3 , which is the set of images of all smooth embeddings γ :
Definition 2.1. The vortex filament equation is
where γ 1 :" Bγ{Bs with respect to the arc-length parameter s of the curve γ. Alternatively, the filament equation can be rewritten in the binormal form as B t γ " κ b, where, respectively, κ is the curvature and b " tˆn is the binormal vector, the cross-product of the the tangent and normal unit vectors, at the corresponding point of the curve γ. Thus according to this equation each point on the curve γ is moving in the binormal direction with a speed equal to the curvature at that point.
The space of knots K is equipped with a natural symplectic structure.
Definition 2.2. Let γ P K be an oriented space curve in R 3 , then the Marsden-Weinstein symplectic structure ω M V on the space K is given by
where u and v are two vector fields attached to γ, and µ is the volume form in R 3 .
Remark 2.3. The definition of the Marsden-Weinstein symplectic structure ω M V implies that it does not depend on the parametrization of the curve γ, and hence one can take any parameter s in the equation (2) .
It is known that the filament equation is Hamiltonian with respect to the MarsdenWeinstein symplectic structure on the space K, the corresponding Hamiltonian function is the length functional Lpγq " ş γ |γ 1 psq| ds of the curve. The vortex filament equation also serves as an approximation for the 3D incompressible Euler equation for the vorticity confined to the curve γ, where only local interaction is taken into account [2] .
Higher-dimensional generalization of the 1D binormal flow
The higher-dimensional generalization of the 1D binormal flow is called the skew-meancurvature flow, and it is defined as follows: Definition 2.4. Let P n Ă R n`2 be a codimension 2 membrane (i.e., a compact oriented submanifold of codimension 2 in the Euclidean space R n`2 ), the skew-mean-curvature flow is described by the equation:
where p P P , Hppq is the mean curvature vector to P at the point p, J is the operator of positive π{2 rotation in the normal space N p P to P . The skew-mean-curvature flow (3) is a natural generalization of the binormal equation: in dimension n " 1 the mean curvature vector of a curve γ at a point is H " κ n, where κ is the curvature of the curve γ at that point, hence the skew-mean-curvature flow becomes the binormal equation: B t γ "´Jpκ nq " κ b. It was studied for codimension 2 membranes in R 4 in [14] and in any dimension in [7] .
It turns out that on the infinite-dimensional space M of codimension 2 membranes, one can also define the Marsden-Weinstein symplectic structure in a similar way:
where u and v are two vector fields attached to the membrane P P M, and µ is the volume form in R n`2 .
Define the Hamiltonian functional LpP q :" volpP q on the space M which associates the n-dimensional volume to a compact n-dimensional membrane P Ă R n`2 . Proposition 2.6. The skew-mean-curvature flow (3) is the Hamiltonian flow on the membrane space M equipped with the Marsden-Weinstein structure and with the Hamiltonian given by the volume functional L.
Proof. In a nutshell, the Marsden-Weinstein symplectic structure is the averaging of the symplectic structures in all 2-dimensional normal planes N p P to P , hence the skew-gradient for any functional on submanifolds P is obtained from its gradient field attached at P Ă R n`2 by applying the π{2-rotation operator J. On the other hand, the fact that minus the mean curvature vector field´H is the gradient for the volume functional LpP q is well-known. Hence the Hamiltonian field on M for the Hamiltonian functional LpP q is given by´JHppq at any point p P P .
(Non)invariance of the Willmore energy 3.1 Motivation: the Hasimoto and Madelung transforms
In this section we describe relations between three different avatars of the skew-mean-curvature flows in one-and higher-dimensional settings. These relations motivate the conjecture on the Willmore energy conservation.
In [4] , Hasimoto introduced the following transformation.
Definition 3.1. To a parametrized curve γ : R Ñ R 3 with curvature κ and torsion τ , the Hasimoto transformation assigns the wave function ψ : R Ñ C according to the formula
where s 0 is some fixed point on the curve. (The ambiguity in the choice of s 0 defines the wave function ψ up to a phase.)
This map takes the vortex filament equation (1) to the 1D nonlinear Schrödinger (NLS) equation:
for ψ : R Ñ C, see e.g. [2] . On the other hand, by considering separately the curvature κpt,¨q and torsion τ pt,¨q of the curve γpt,¨q P R 3 moving by the binormal flow, the evolution of κ and τ satisfies the following system of equations discovered by Da Rios [3] :
By introducing the density ρ " κ 2 and the velocity v " 2τ , the Da Rios equations turn into the following system of compressible fluid equations:
One could ask what part of the above can be generalized to higher dimensions. It turns out that long before the discovery of the Hasimoto transform, Madelung [11] gave a hydrodynamical formulation of the Schrodinger equation in 1927, which is called the Madelung transform. Definition 3.2. Let ρ and θ be real-valued functions on an n-dimensional manifold M with ρ ą 0. The Madelung transform is the mapping Φ : pρ, θq Þ Ñ ψ defined by
The Madelung transform maps the system of equations for a barotropic-type fluid to the Schrödinger equation. More specifically, let pρ, θq satisfy the following barotropic-type fluid equations:
with potential velocity field v " ∇θ, and functions V : M Ñ R and f : p0, 8q Ñ R. Then the complex-valued function ψ " Φpρ, θq obtained by the Madelung transform satisfies the nonlinear Schrödinger equation
One can see that for V " 0 and f pzq "´z{2 the Madelung transform in the 1D case reduces to the Hasimoto transform [8] . A corollary from this hydrodynamic point of view is that the "total mass" ş γ k 2 of a compact curve γ is preserved under the binormal flow: indeed, the curvature density ρ " k 2 satisfies the continuity equation.
It is natural to ask if there exists an analogue of the Hasimoto map, which can send an n-dimensional binormal equation (3) to an NLS-type equation for any dimension n [8] ? Note that the Madelung transform provides an identification of the NLS and the barotropic equations in any dimension. Thus a search for a higher-dimensional Hasimoto analogue can be reduced to a search for a relation of the skew-mean-curvature flow and barotropic-type fluid equations (9) in higher-dimensions.
In view of the binormal equation (3) and continuity equations (6)- (7), the square of the mean curvature vector |H| 2 can be regarded as a natural analogue of the density ρ. Therefore an analogue of the total mass of the fluid is the Willmore energy: Definition 3.3. For an immersed submanifold F : Σ k Ñ R n , the Willmore energy is defined as
where g " F˚g e denotes the pull-back metric of the Euclidean metric g e on R n and H is the mean curvature vector at point p " F pqq on the submanifold F pΣq Ă R n .
Assuming the existence of relation between the skew-mean-curvature flow and a barotropic fluid, one arrives at the following conjecture:
Conjecture 3.4.
[8] For a codimension 2 submanifold F t : Σ n Ñ R n`2 moving by the skewmean-curvature flow 9
q "´JHpqq for q P Σ the following equivalent properties hold: i) its Willmore energy WpF t q is invariant, ii) its square mean curvature ρ " |H| 2 evolves according to the continuity equation
for some vector field v on Σ.
Remark 3.5. The equivalence of the two statements is a consequence of Moser's theorem: if the total mass on a surface is preserved, the corresponding evolution of density can be realized as a flow of a time-dependent vector field. Proposition 3.6. Conjecture 3.4 is true in dimension 1.
Proof. For a curve γ Ă R 3 , the conservation of the Willmore energy means the time invariance of the integral Wpγq " ş γ k 2 ds or, equivalently, in the arc-length parameterization, of the integral ş γ |γ 2 | 2 ds. The latter invariance follows from this straightforward computation:
However, it turns out that unlike the 1D case, the Willmore energy is not necessarily an invariant in dimension n ě 2, and this provides an interesting distinction between the 1D and higher-dimensional binormal flows.
Counterexamples: Clifford tori and sphere products in binormal flows
It turns out, for submanifolds of dimension n ě 2, Conjecture 3.4 does not necessarily hold. Here we describe a family of counterexamples to the conjecture by considering the evolution of the Clifford tori and their generalizations in the skew-mean-curvature flow.
Theorem 3.7. Let F : Σ " S m paqˆS l pbq Ñ R m`1ˆRl`1 " R m`l`2 be the product of two spheres of radiuses a and b. Then the evolution F t of this surface Σ in the binormal flow is the product of spheres F t pΣq " S m paptqqˆS l pbptqq at any t with radiuses changing monotonically according to the ODE system:
The corresponding Willmore energy is not preserved for any initial values of a and b, and it explicitly changes as
for a constant C m,l and volpΣq " volpF t pΣqq :" a m b l .
Corollary 3.8. The Willmore energy of the Clifford torus F : T 2 " S 1 paqˆS 1 pbq Ñ R 4 evolves in the binormal flow as follows: Corollary 3.9. In the general case of sphere products Σ " S m paqˆS l pbq the radiuses of F t pΣq change as follows: aptq " ae´l t{pabq and bptq " be mt{pabq for m " l and aptq " a m{pm´lq`a´p l´mqb´1t˘l {pl´mq and bptq " b
for m ‰ l and initial conditions ap0q " a, bp0q " b.
Remark 3.10. For 0 ă m ă l (e.g., m " 1, l " 2 in R 5 ) the corresponding solution F t exists only for finite time and collapses at t " ab{pl´mq. Since the skew-mean-curvature flow is the localized induction approximation of the Euler equation, this explicit solution might be useful to study the Euler singularity problem in higher dimensions. Note also that the odd-dimensional Euler equation has fewer invariants (generalized helicities) than the evendimensional one (generalized enstrophies). The existence of many invariants help control solutions, so it is indicative that the first example with a finite life-span occurs in odd 5D.
Proof. For a point q " pq 1 , q 2 q P S m paqˆS l pbq Ñ R m`1ˆRl`1 , let n 1 and n 2 be the outer unit normal vectors to the corresponding spheres at the points q 1 and q 2 respectively. Then the mean curvature vectors of S m paq and S l pbq as hypersurfaces in R m`1 and R l`1 are´m a n 1 and´l b n 2 respectively. Therefore the mean curvature vector of F : S m paqˆS l pbq Ñ R m`l`2 is H "´m a n 1´l b n 2 , and the skew-mean-curvature vector is´JH "´l b n 1`m a n 2 . This implies that for the skew-mean-curvature flow B t q "´JHpqq given by the above linear combination of the normals on the product of spheres, Σ t remains the product of two spheres S m paptqqˆS l pbptqq for all times, where one of the spheres is shrinking, while the other is expanding.
The explicit form of the´JH vectors implies the system of ODEs (12) on the evolution of radiuses. Rewriting this as one first order ODE one can solve this explicitly, as in Corollary 3.9. The system (12) To be invariant, the Willmore energy has to be a function of volpΣq as well. But we obtain
where C m,l is a constant depending on the dimensions m, l. One observes that factor m 2 {aptq 2`l2 {bptq 2˘i n the Willmore energy cannot be a function of the area a m b l , hence WpF t q is not preserved.
Remark 3.11. One can give a simple parametrization to a Clifford torus and derive explicitly its second fundamental form
This example might be particularly interesting to prove the filament conjecture for membranes, cf. [5, 6] .
Remark 3.12. We will quantify the measure of noninvariance of the Willmore energy in the skew-mean-curvature flow by deriving (in Section 5.3) the continuity equation with source term governing the density ρ " |H| 2 of the mean curvature:
where A ij are the second fundamental forms in local coordinates, pg ij q is the inverse matrix of the induced metric pg ij q, and χpqq " 2g ij´∇K j H |H| , JH |H|¯e i is the torsion vector field discussed in the next section. Here and below we assume the sum over repeated indices.
Torsion forms and torsion vector fields for membranes
While torsion is a classical intrinsic notion in Riemannian geometry, for codimension 2 membranes one can introduce a natural torsion of their embedding into the ambient Euclidean space, similar to that of curves in R 3 . Namely, for such curves, according to the Frenet-Serret formulas, the curvature vector κn is described by its magnitude and the angle of rotation in the normal plane as a function of the curve parametrization. Similarly, for codimension 2 membranes, one can define the vector of the mean curvature H in the normal plane, while its "angle of rotation" leads to the following definition of the torsion connection form in the S 1 (normal) bundle over the membrane.
For an immersed submanifold F : Σ n Ñ R n`2 consider the principal S 1 -bundle N of unit normal vectors over Σ: Let H be the field of mean curvature vectors over Σ, and we assume that |H| ‰ 0 everywhere (otherwise we pass to the open part Σ˚Ă Σ where H is nonvanishing: our consideration is local). Then the normalized vectors h :" H |H| define a smooth section of the S 1 -bundle N . Definition 4.1. The (normal) reference connection A 0 on N is defined by setting the tangent space to Σ to be its horizontal space. Then any other connection A in N can be expressed as a connection (and hence a 1-form) on the base by comparing it to the connection A 0 .
Recall that for any principal G-bundle π : P Ñ B, all its connections A P Ω 1 pP, gq form an affine space. Upon fixing a reference connection A 0 P Ω 1 pP, gq, any other connection A P Ω 1 pP, gq can be expressed via the difference A´A 0 P Ω 1 pB, gq, which is a g-valued 1-form on the base. In the case of S 1 , this difference becomes a real-valued 1-form. Definition 4.2. The (mean) curvature connection A on the principal S 1 -bundle N is defined by declaring the section h :" H |H| : Σ Ñ R n`2 be its horizontal section. The generalized torsion form of the submanifold F : Σ Ñ R n`2 is the 1-form τ " A´A 0 P Ω 1 pΣ, Rq, where A 0 P Ω 1 pN, Rq is the normal connection described above.
The torsion vector field χ :" 2τ 7 is defined as metric dual to the (double) torsion form, i.e. for any vector v P T q Σ one sets pχ, vq " 2τ pvq at any point q P Σ. Proof. The exterior covariant derivative in N is just the exterior derivative, since S 1 is abelian. Hence the curvature of the connection A is Ω " dA " dτ`dA 0 . Furthermore, A is a flat connection, since H |H| is a global section. We obtain that dτ "´dA 0 , which means´dτ coincides with the normal curvature, since A 0 is induced by the normal connection.
Proposition 4.4. For a local frame te 1 , e 2 ,¨¨¨, e n u in the tangent space of Σ an explicit expression for the torsion vector field in the corresponding local coordinates is χ " 2g ij´∇K j H |H| , JH |H|¯e i , where pg ij q is the inverse matrix of the metric pg ij q induced on Σ from R n`2 .
Proof. For a vector v P T q Σ and the section h :" H |H| , the tangent map Dh : T q Σ Ñ T hpqq N maps v to a vector Dhpvq in the tangent space of the section h, then the normal component of Dhpvq is equal to τ pvq " pA´A 0 qpvq.
For e i P T Σ, denote by ∇ i h the vector in the tangent space of the smooth section h : Σ Ñ R n`2 and p∇ i h, Jhq Jh is its normal component. Let v " v i e i , then the normal component of Dhpvq is v i p∇ i h, Jhq Jh, hence the torsion form is
where χ " 2g ij´∇K j h, Jh¯e i is the torsion vector field.
Remark 4.5. Proposition 4.3 emphasizes an important difference of the higher-dimensional and 1D cases: in higher dimensions the torsion form τ is not exact in general, which partially explains the absence of the Hasimoto transform: one cannot introduce the "phase" of the would-be wave function, i.e. the "angle of rotation" of the mean curvature vector H, as it depends not only on a point q P Σ, but also on a path along the membrane Σ from a reference point q 0 to q. Furthermore, unlike the 1D case, in higher dimensions the density ρ :" |H| 2 is not transported by the torsion vector field χ related to τ , but satisfies the continuity equation with a source term, as we will see below.
Generalized Da Rios equations
The evolution of the codimension 2 membranes according to the skew-mean-curvature flow satisfies a system of equations on its mean curvature vector H and generalized torsion form τ . Here we derive those generalized Da Rios-type equations. Due to their similarity with the compressible fluid equations, we will call the equation on the mean curvature H the continuity equation, while the evolution of the torsion form τ is the momentum equation.
Gradient of the Willmore energy
We start by deriving the gradient of the Willmore energy in any dimension, which is of independent interest. For this we generalize the derivation of the gradient of the Willmore functional done in [9] for 2-dimensional, compact immersed surfaces in R m to the case of compact immersed submanifolds of any dimension.
More specifically, consider an immersed submanifold F : Σ n Ñ R n`k . Recall that the Willmore energy is defined as
where g " F˚g e denotes the pull back metric of the Euclidean metric g e on R n`k and H is the corresponding mean curvature vector field. In local coordinates px 1 , ..., x n q on the manifold Σ the pull-back metric g on Σ is
and the corresponding volume element is the n-form dvol " a detg ij dx 1^¨¨¨^d x n .
We have the following splitting of the pull-back bundle F˚T R n "
where DF is the tangent map of F . The second fundamental form A ij " pB i B j F q K is the projection of the second derivatives of F to the normal bundle N p Σ. Then the mean curvature vector at any point is H " g ij A ij , where pg ij q is the inverse matrix of the induced metric pg ij q. Now we give the formula of the normal gradient of the Willmore energy.
Theorem 5.1. The normal part of the gradient of the Willmore energy is
where ∆ K " g ij ∇ K i ∇ K j denotes the Laplacian in the normal bundle, and
is the normal connection.
To prove this theorem, we need the following two lemmas, which we include for a selfcontained proof.
Lemma 5.2. For a smooth family of immersions F t : Σ n Ñ R n`k with B t F t | t"0 " V be a normal variation along F t , the time derivative of the volume element is
Proof. One has B t detpg ml q " pg ij B t g ij qdetpg ml q, and
From this we obtain B t detpg ml q "´2g ij pA ij , V q detpg ml q "´2 pH, V q detpg ml q.
Therefore, B t a detpg ml q " 1 2 a detpg ml q B t detpg ml q "´pH, V q a detpg ml q,
i.e. B t dvol g "´pH, V q dvol g Define the normal derivative B K t H of the mean curvature vector H as the projection of the time derivative B t H to the normal bundle to Σ. Lemma 5.3. For a smooth family of immersions F t : Σ n Ñ R n`k with a normal field B t F t | t"0 " V along F t , the normal time derivative B K t H of H is
Proof. We know that A ij " pB i B j F q K " ∇ K i B j F , hence
Since H " g ij A ij , we have B K t H " g ij pB K t A ij q`pB K t g ij qA ij " g ij p∇ K i ∇ K j V´pA jm , V q g ml A il q`2g im g jl pA ml , V q A ij " ∆ K V`g im g jl pA ij , V q A ml . Now we can complete the proof.
Proof of Theorem 5.1. Consider a smooth family of immersions F t : Σ n Ñ R n`k with B t F t | t"0 " V normal along F t , then the time derivative of the Willmore energy is 
Evolution of the Willmore energy in the skew-mean-curvature flows
Consider now a smooth family of immersions F t : Σ n Ñ R n`2 evolved by the skew-meancurvature flow: B t F t | t"0 "´JH, where J is the operator of rotation by π{2 in the positive direction in every normal space to Σ. The third term`1 2 |H| 2 H, JH˘is pointwise zero on Σ, since H K JH.
For the first term, we need the following lemma.
Lemma 5.5. ∇ K J " J∇ K .
